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ABSTRACT. We introduce four variants of a multigrid method for quasi-variational
inequalities composed by a term arising from the minimization of a functional
and another one given by an operator. The four variants of the method differ
from one to another by the argument of the operator. The method assume that
the closed convex set is decomposed as a sum of closed convex level subsets.
These methods are first introduced as subspace correction algorithms in a gen-
eral reflexive Banach space. Under an assumption on the level decomposition
of the closed convex set of the problem, we prove that the algorithms are glob-
ally convergent if a certain convergence condition is satisfied, and estimate the
global convergence rate. These general algorithms become multilevel or multi-
grid methods if we use finite element spaces associated with the level meshes
of the domain and with the domain decompositions on each level. In this case,
the methods are multigrid V-cycles, but the results hold for other iteration
types, the W-cycle iterations, for instance. We prove that the assumption we
made in the general convergence theory holds for the one-obstacle problems,
and write the convergence rate depending on the number of level meshes. The
convergence condition in the theorem imposes a upper bound of the number
of level meshes we can use in algorithms.

1. Introduction. The multigrid or multilevel methods for the constrained min-
imization of functionals have been introduced for the first time in the Mandel’s
papers [20], [21] and [11]. Related methods have been introduced by Brandt and
Cryer in [9] and Hackbush and Mittelmann in [14]. Later, the method has been
studied by Kornhuber in [16], and a variant of this method using truncated nodal
basis functions has been introduced by Hoppe and Kornhuber in [15] and analyzed
by Kornhuber and Yserentant in [19]. Evidently, the above list of citations is not
exhaustive and, for further information, we can see the review article [13] written
by Gréaser and Kornhuber.

The above cited papers refer almost exclusively to the complementarity problems
and establish asymptotic convergence rates of the methods. A global convergence
rate has been estimated by Tai in [22] for a subset decomposition method. For
more complicated convex sets in the case of the constrained minimization of non-
quadratic functionals, two-level methods have been introduced by Badea, Tai and
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Wang in [8] for a multiplicative method, and by Badea in [2] for its additive vari-
ant. In these papers, global convergence rates have been established, too. Also, for
variational inequalities arising from the minimization of non-quadratic functionals,
global convergence rates have been derived by Badea in [4] (see also [5]) for multi-
grid methods with constraint level decomposition, and in [3] for standard multigrid
methods.

Some of these methods have been extended for variational inequalities of the
second kind and quasi-variational inequalities by Kornhuber in [17] and [18], and
Badea and Krause in [6] (see also [7]). In [1], we have introduced one- and two-
level methods for quasi-variational inequalities composed by a term arising from the
minimization of a functional and another one given by an operator. In the present
paper, we extend to this type of quasi-variational inequalities a multigrid method
with constraint level decomposition introduced in [4] for variational inequalities.
The method, having four variants which differ from one to another by the argu-
ment of the operator, assumes that the closed convex set is decomposed as a sum of
closed convex level subsets. These methods are first introduced as subspace correc-
tion algorithms in a general reflexive Banach space. Under an assumption on the
level decomposition of the closed convex set of the problem, we prove that the al-
gorithms are globally convergent if a certain convergence condition is satisfied, and
estimate their global convergence rate. These general algorithms become multilevel
or multigrid methods if we use finite element spaces associated with the level meshes
of the domain and with the domain decompositions on each level. In this case, the
methods become multigrid V-cycles, but the results hold for other iteration types,
the W-cycle iterations, for instance. Moreover, the iterations of these multigrid
methods have an optimal computing complexity. We prove that the assumption
we made in the general theory holds for the one-obstacle problems, and write the
convergence rate depending on the number of level meshes. The problems we are
dealing have a unique solution only if the operator in the non-differentiable term of
the inequality is a contraction with a constant small enough. A similar condition,
but stronger, is asked for the convergence of the algorithms. This convergence con-
dition will impose some upper bounds of the number of level meshes we can use in
algorithms.

The paper is organized as follows. In Section 2, we introduce the quasi-variational
problem and give an existence and uniqueness result for it. Then, we define the
multigrid algorithm in a general framework of reflexive Banach spaces, and prove its
convergence under some assumptions. In Section 3, we show that this algorithm can
be viewed as a multilevel method if we associate finite element spaces to the level
meshes and consider decompositions of the domain at each level. We prove that the
assumption made in the previous section holds for convex sets of one-obstacle type.
If the decompositions of the domain are made using the supports of the nodal basis
functions we get, in Section 4, the multigrid methods. This particular choice of the
domain decompositions allows us to obtain better estimates for the convergence rate
of the method. In this case, we write the convergence condition and the convergence
rate of the method depending on the number of level meshes.

2. Abstract convergence results. We consider a reflexive Banach space V', and
Vi,..., Vs some closed subspaces of V', where V; = V. Let K C V be a nonempty
closed convex set, and we assume that there exist some convex sets K; C Vj,
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j=1,...,J such that

K=K +...+Ky (1)

We also assume that, at each level 1 < j < J, we have I; closed subspaces of V;,

Vii, 1=1,...,1;, and we shall write I = max I;. Now, we assume that there exists
JE-

a constant C4 such that

J I 1
1D wull <D llwsl?)? (2)
j=1i=1 j=1i=1
for any wj; € Vi, j=J,...,1,i=1,...,1;. Evidently, we can take, for instance,
Ci = (1J)% (3)

but sharper estimations can be available in certain cases. Finally, we make the
following

Assumption 1. We assume that there exist two positive constants Cs and C'3, and

that any w € K can be written as w = Z}]:1 wj, with w; € K, j=1,...,J, such
that
- for any v € K, .
- and any wj; € Vj; satisfying w; + >, _jwjr € Kj, j=1,...,J,i=1,...,1;,
there exist vj; € Vi, j=1,...,J,i=1,...,I;, which satisfy
i—1
wj+Zij+Uji€Kj forj=1,...,J, izl,...,Ij,
k=1
J 1 J 1 J 1
2 2 2 2
vow=) Y wviand Y |lull* < Cllo —w|F+C3Y D |lwsil .
j=1i=1 j=11i=1 j=11i=1

Now, we consider a Gateaux differentiable functional F' : K — R, and assume
that there exist two real numbers p, ¢ > 1 such that for any real number M > 0
there exist aps, B > 0 for which

anllv =l << F'(v) = F'(w),v —u >, [|[F'(v) = F'(u)lly < Bullv —ull, (4)

for any w,v € V with [[u]l, ||v]] < M. Above, we have denoted by F’ the Gateaux
derivative of F, and we have marked that the constants aj; and (G may depend
on M. Tt is evident that if (4) holds, then for any u,v € V, ||ul],||v]| < M, we have

anl|v —ul|* << F'(v) — F'(u),v —u >< Bul|v — ul|?.
Following the way in [12], we can prove that for any u,v € V, ||ull,||v|] < M, we
have
< F'(u),v—u> +O‘7M||v — | < F(v) - F(u)

()
<< F'(u),v—u> —|—57M||v—u\|2.

We point out that since F' is Gateaux differentiable and satisfies (4), then F is a
convex functional (see Proposition 5.5 in [10], pag. 25).

In certain cases, the second equation in (4) can be refined, and we assume that
there exist some constants 0 < 3 <1, Bjr = Bij, 4, k= J,..., 1, such that

(F'(v+v55) = F'(v), 1) < BraBjellvgilll[orl| (6)
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for any v € V, vj; € Vi, vg € Vig with ||v]|, [|[v + vjil|, |Jow]] < M, i =1,...,1;
and [ = 1,...,I;. Evidently, in view of (4), the above inequality holds for
ﬂjk:17.j7k:‘]7"'a1 (7)

We consider an operator T : K — V' with the property that for any M > 0 there
exists ¢y > 0 such that

1T (v) = T(u)llv: < enrllv —ull (8)

for any v,u € K, ||v||, ||u]| < M. Also, if K is not bounded, we assume that F'+ T
is coercive on K, in the sense that for any sequences (u,), and (v,), in K, (up)n
bounded and v,, — 00 as n — oo, we have

F(vy) + (T(upn),v,) — 00 as n — oo. (9)
Now, we consider the quasi-variational inequality

uwe K : (F'(u),v—u)+ (T(u),v —u) >0 for any v € K. (10)

Since the functional F is convex and differentiable, problem (10) is equivalent with

ue K : F(u)+ (T(u),u) < F(v) + (T(u),v) for any v € K. (11)

Using (5), for a given M > 0 such that the solution u of (10) satisfies ||u|| < M, we
get

QTMHU —ul]* < F(v) — F(u) + (T(u),v — u) for any v € K, |jv|| < M. (12)

Concerning the existence and the uniqueness of the solution of problem (10) we
have the following result.

Proposition 1. Let V' be a reflexive Banach space and K a closed convexr non
empty subset of V. We assume that F is Gateaux differentiable on K, satisfies (4),
and the operator T satisfies (8). If there exists a constant 0 < 6 < 1 such that

< 0, for any M > 0, (13)
an

then problem (10) has a unique solution.

Proof of Proposition 1. Let us define the mapping S : K — K which associates to
a w € K the solution Sw € K of the variational inequality

(F'(Sw),v — Sw) + (T'(w),v — Sw) > 0, for any v € K. (14)

Evidently, the above inequality has a unique solution Sw € K for any given w € K.
We can easily show that the mapping S is a contraction if condition (13) holds. [

To solve problem (10), we propose four algorithms. The first one can be written
as,

Algorithm 1. We start the algorithm with a ©® € K and decompose it as in
Assumption 1 with w =%, u® =uf + ...+, u(; € K;,j=1,...,J. At iteration
n+ 1, n > 0, assuming that we have u" € K, we decompose it as in Assumption 1
with w =", v =uf +...+uj, v} € K;, j=1,...,J. Then, for j € J,..., 1,

- we successively calculate, the corrections w;’H € Vj, ui + w;”rl € Kj, by the

multiplicative algorithm: we first write w} = 0, and for i = 1,..., I;, successively
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n+1 n nt Zal n+1 ) : : :
calculate w;;"" € Vi, u} +w; +wj;" € Kj, the solution of the inequality

+'f1
T Z witt oy Yl v - it (15)
k=j+1
+ (T, v — wiith) >0

i—1 i—1

n+4- n+1r

for any vj; € Vj;, uj + w; g +vj; € Kj, and write w; b= w; +w;7‘i+1.
Above, the argument of T is
+7—.1
n+1 — " + Z wnJrl j +w;7;+1' (16)

k=j+1

. J—j+1 .
- then, we write, "t —7 =u"t7 + w?“

The other three algorithms are variants of the above algorithm in which we
change the argument of T, taking

+1
n+1_u + Z wn+1

ﬂ n+1 ="+ Z wn+1 n+1 — U (17)
k=j+1 k=j+1

]’L

Like inequality (10), inequality (15) is equivalent with a minimization problem.
The global convergence of the above algorithms is proved by

Theorem 2.1. We consider that V is a reflexive Banach, V;, j = 1,...,J, are
closed subspaces of V', and Vj;, i = 1,...,1;, are some closed subspaces of V;,
7 =1,....J. Let K be a non empty closed convex subset of V decomposed as
in (1) and which satisfies Assumption 1. Also, we assume that F be a Gdteaux
differentiable functional on K and satisfies (4), the operator T satisfies (8), and the
coerciveness condition (9) is satisfied if K is not bounded. Also, we assume that for
any M >0

O‘TM —enCi(IT)E >0 (18)

and

2

& 3
(1+C1Cy + Cs) (5) + 20y

|
@
S
=
=
V)
e
E
{2
Z
7N
@} c@z
~_
=

é (19)
Ci(14 C1Cy + C3) =2
Cy

7CM(IJ)%

2

C~, 2
+ 2(1+2C,Cs + Cs) ((;’) T+l >0
On these conditions, if u is the solution of problem (10), then there exists a
, n n+% n
constant M > 0 such that ||u|], ||[u°]| and ||u L—&—Ek_JH wptt +w; +wji+1|| <

i—1

M, where u™ + 3.7 L, T Lt >0, G = 1 J,i=1 I
, where u k=j+1 Wk w; wi,n20,p=1...,J,0=1,...,1j
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are the approzimations of u obtained from Algorithm 1 or its variants, and we have
the following error estimations

C N o 0 (20)
<[ = u) — Fu)+{T(uw),u —u)l|,
(Cl+1> [F(u) = Fu) + (T(0),” ~ )]
< 2 (20} [F(u®) — F(u) + (T(w),u® —w)],  (21)
apy \ Cq+1
where
o Barl (maxpo,.s 37— Bry) [14 C1Ch + Cs . Cz
1= ~1 ~1
) 2 02 C (22)
+CM(IJ)5 Cl( 0102+03) 1+4+2C1Cy + Cs
o c; o3
with )
~ 1 QN 1 ~ ZCM]J
CQ *[7 — CMcl(IJ)Z] and 03 = T (23)
2" 2 %7C]V[C1(IJ)§
Remark 1. If we write x = &4, then condition (18) can be written as
1—2Cy(IJ)? >0
and condition (19), as
Ao (L)' 2z (1)1
1-— I— 1 —— 42
g B0 Zﬁ’” C 17 | TGt G a2
—a(IJ)* |Cy(1+ C1Co + C )ﬂ
! P A Z e 1d)?
4x (IJ)%
142 —_— >
Jr( + 0102+03)1—:L‘01[J+02 >0

These two conditions imply that there exists a 0 < § < 1 such that (13) in Proposi-
tion 1 holds. However, the two convergence conditions in the statement of Theorem
2.1 are stronger than the existence and uniqueness condition in that proposition,
they asking that cp; to be small enough in comparison with ay,.

Proof of Theorem 2.1. Step 1. We prove the boundedness of the approximations of
n+4+
u, u" —I—Zk le"“—kwj Yn>0,j=1,...,J,i= 1,...,1;. Let us write
Mo =sup{][v]| : F(v) = F(u) 4+ (T'(u),v — u)

< F@®) — F(u) + (T(u),u’ —u), v € K} (24)

where v is the solution of problem (10) and u° is the initial guess in the algorithms.
From the coerciveness condition (9), we get that such a M exists, and, evidently,
lull, 1[0l < Mo.

We first prove by mathematical induction that ||u™|| < My for n > 0. To this

end, for a given n > 1, let us write M,, = max(|Jul], ||u°]],||u* + Zl—j+1 witt
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+7
w, g || withk =0,...,n, j =1,...,Jandi = 1,...,I;). The variables u and
v in equations (4) and (8) will be replaced in this proof only by the solution u

of problem (10) or its approximations u" + Zk i1 w"+1 + w;+ Yoi=1,..,J,
i = 1,...,1;, obtained from Algorithm 1 or its variants. Using this M, in (4)
and (8), we shall get that error estimation (20) holds for the iterations k < n + 1.
Evidently, constant C; will depend on M,,, but we get from this error estimation
that

Fub) = F(u) + (T(u),u* = u) < F(u) = F(u) + (T(u), 1’ - u)

for k < n+ 1. Therefore, in view of (24), we get that ||u™|] < My, for any n > 0.
We use again the mathematical induction to prove that the sequences (u™ +

i

n—+ -
Zk_]H w,:LH + w; 1 Jn, j=4d,...,1,i=1,...,I; are bounded. To this end, we
use the boundedness of the sequence (u")n, (5), (15) and (8) for each variant of
+
Algorithm 1. We give here the proof for v”“ =u" + Zk—]+1 w?“ +w, , the

proof for the other three variants being sunllar and more simple. In this case, for
M = M, from (5) and (15) with vj; = 0, we have

J
OZ;MH 7L+1||2+Fu + Z wn+1+wn+1 )
k=j+1
n Z Wity +IL})’ nty n Z Wit 4 +%)
k=j+1 k=j+1
and using (8), we get
QN n_%T% 2 ! n-+1 nﬁ_l
(= —ean)llw; 7P+ (" + S wptt w7
k=j+1
+i n+i,
TS S L S S LT
k=j+1 k=j+1
n+‘
3 )
_JJ,»]
i1 i—1
u+zwn+1 T u+zwn+l w, 7).
k=j+1 k=j+1

In view of (18), starting from the boundedness of (u"),, and using the above
inequality and the coerciveness condition (9), we get by induction, for j = J,...,1

n+ -
and ¢ = 1,...,;, that the sequences (u" + Zk —it1 wptt + w, "1, are bounded.
Therefore, we can conclude that there exists a M > O as in the statement of the
theorem.
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Step 2. Now, we evaluate 27 1 ZZ 1 Hw”“HQ. As above, using (5), (15) and
(8) with v;; = 0, we have

(6334 n n +Iiv n i.
— llw “||2+Fu+Zw“+wj ) (T u+Zw“ ")
k=j+1 k=j+1
1 +il_-1 1 1
"+ Z wptt + 1) =T () wpt)
k=j+1
+i7.1
+ U+an+1+w <Fu+zwn+1 IJ)
—J+1 k=j+1
izl
FTa+ Y T el = g
k=j+1
From (2), for any v/;"" in (16) and (17), we have
J Iy
n n 1 n
ot =l < e =l + CrQ Y ™ 1P) 2wy
k=11=1
From the above two equations, we get,
« I G
M 1 l n
(02 e (L) 1 (1) + )0 S [l P
j=11i=1 (25)
R 4 (T (), ) < F) + (T, ") + L
1
°M
for any €; > 0. On the condition (18), expression — 7t has a
M CM(IJ)2(51(I.])2+01)
.. f _ QTM—C]\/jcl(IJ)% f h. 1 f =
minimum for e, = 2—7—=5—— and for this value of £, equation (25) becomes
1 L&
(0% 1
L0 003 S I+ P+ )
Jj=11i=1 (26)
2c5,1J
SP) + (T, ") + " =l

W ey Cy(1T)2
Step 3. We now estimate F'(u"1) + (T'(u), u" 1) —
error estimations (20) and (21). With v = u, w = u" and w;; = wj;"", Li=J..,1,

t=1,...,I;, we consider a decomposition Z 1 ZZ 1 U, - of u—u™ as in Assumption
1. From (5), we get

F(u) — <T(u) u), and prove

F () = F(u) + 5 fu+ — ]
Iy

7 (27)
SO (@)t ) = = Y F W), g - wil)
k=1

i=1
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In view of (15) and (6), we have,

= F'(u"*h), ukz —wi )+ (TR, ufl — wi™)

<BMZBk]ZHwn+1H||ukz wi (TR, uis — wi™)
Jj=

Above, we have added and subtracted the missing terms between
+
F’ (u" + Zf:k_ﬂ wptt 4 wn K" w"“) and F’(u™*1). Consequently, using (27),

the above equation and (8), we can write,

F(u™*) + (T(u),u" ™) = F(u) = (T(u),u) + %Ilu"+1 — ulf?

<6MZZﬂk]Z|\w"“\|Z||um—wk“u

j=1k=1
J
+ZZ vpt) = T(w), uy — wit)
k=11=1
1
J J I 2
l
<5Mzz(zmj<z|ukz—wm| ) ZW“H?
j=1 \k=1 =
+CMZZHU"“—UIII\ukz—wk“H
k=1 1i=1
1 1
J 27 2 J I] 2
1
gaMzz(zﬁmznum—wk“nw) S5 e
j=1 \k=1 =1 j=11=1
J 1 Iy
1
t+ear | [t —ul| + G (30 3 i) Zleukz—wk“H
=1 1=1 k=11i=1
1 1
J J I 2 J I 2
SRS w01 bey Sl EE I Dep il
ST =1 j=1i=1 Jj=1i=1

[N

I

J I J
1
+CM(IJ)% HunJrl—UH"'Ol(E :E :‘ n+1 E Z ||U;L1 n+1||2

Jj=11=1 j=1i=1

[
[
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Above, we have used the inequality ||Az||;2z < (maxz |Aii)||x]l;2, where A =
? -

J
(Aij)ij is a symmetric matrix (see Corollary 4.1 in [23]). In view of (2) and As-
sumption 1, we have

J I J I J J L
1 l 1
QLD Il = wii P < O D IGilP)* + QO D Iy
j=11i=1 j=11i=1 j=11i=1
1 1
<(C3llu— ”||2+CSZZIIw"+1 )? ZZI ok
Jj=11i=1 Jj=11i=1
1
<Csllu —u"|| + (1 + C3)( ZZ| n1)12)2
j=11i=1

<.

J I
<Collu —u" |+ 1+ C1Co + C5) O] [lwi?)?

j=11i=1
Therefore, from the above two equations, we get

Q) + (T (), w1 = F(u) = (T(u), ) + 2 a1 — ]

J
<Bul(, max Y ;) [Coeallu — u 2
g

J

J I
1
+(1+ 10+ G+ Co ) ) D lwit

j=1:i=1

+ CM(IJ)% [(02 + (1 + 20102 + 03)53) ||u _ un+1||2

+(Cl(1+0102+03) (1+2C1Cs + Cs3) )ZZHUJ"HH?

j=11:=1

for any £5, £3 > 0. With Cy and Cj in (23), from the above equation and (26), we
get

F(u™) +(T(u), u™) = F(u) = (T(u),u) + Cel [ — ulf?

<Cre[F(u") = F(u") + (T(u), u” — u™*)] >
for any €9, €3 > 0, where
J
C. O‘TM — Barl( max Zﬁkj [Coes + (14 C1Co + Cs + 0262)22’]
(29)

— CM(IJ)% [02 + (1 +2C1Cy + 03)83

1.C
(1 + G+ Cy) + (142010 +Cy) ) 2
3 2

]
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and

1L

ZNe (30)
1

1 1
+C]L1(IJ)§(01(1 + 0102 + C3) + (1 =+ 20102 + 03);)7
3 2

J
Ce :ﬂMI(k:Hll‘{%.X ]Zﬁkj)(l +C1C0s + C3 + Oy
k] 9 ‘7:1

Constant C., as a function of £, and €3, reaches its maximum value for
1
~ = \3
€9 = &3 = (Cg/CQ) (31)

With this value for 5 and e3, constant C~'16 becomes C’l given in (22). Constant C'E
in (29) for e, and e3 in (31) has the value Cj in condition (19). Therefore, from
(28), with €5 and €3 in (31), we get (20) if condition (19) is satisfied. Finally, using
(12), error estimation (21) can be obtained from (20). O

3. Multilevel Schwarz methods. We consider a family of regular meshes 7j,; of
mesh sizes hj, j =1,...,J over the domain Q C R?. We write Q; = Urez,, T and
assume that 7y, , is arefinement of 7;,, on Q;, j =1,...,J—-1,and Q; C Q2 C ... C
;= Q. Also, we assume that, if a node of 7y, lies on €, then it lies on 0€2;1,
too, that is, it lies on 0€2. Besides, we suppose that dist ., node of Ty (2j4+1,9Q5) <
Chj, 7 =1,...,J — 1. In this section, C denotes a generic positive constant in-
dependent of the mesh sizes, the number of meshes, as well as of the overlapping
parameters and the number of subdomains in the domain decompositions which will
be considered later. Since the mesh 7}, is a refinement of 7;,,, we have h; 1 < hj,
and assume that there exists a constant ~, independent of the number of meshes or
their sizes, such that 1 <y < h;/hj;1 <Cv, j=1,....,J -1

At each level j = 1,...,J, we consider an overlapping decomposition {Q;-}lgig I;
of 2, and assume that the mesh partition 7j,; of §; supplies a mesh partition for
each Q;, 1 <@ < I;. Also, we assume that the overlapping size for the domain
decomposition at the level 1 < j < J is ¢;. In addition, we suppose that if w} 4118
a connected component of Q§‘+17 j=1,....,J=1,9=1,...,1;, then diam(w}H) <
Chj. Since hji1 < 6541, we also have 5?11 <Cv, j=1,...,J—1. Finally, we
assume that I; = 1. '

At each level j = 1,...,J, we introduce the linear finite element spaces,
Vi, ={v e C(Qy) : v| € Pi(7), T € Ty;, v=0on 9}, (32)
and, for i =1,...,1;, we write
Vi, ={veVy, : v=0inQ;\Q}}. (33)
The functions in Vj,, j = 1,...,J — 1, will be extended with zero outside €2; and
the spaces will be considered as subspaces of H!. We denote by || - ||o the norm in
L?, and by || - || and |- |; the norm and seminorm in H'!, respectively.
We consider the one-obstacle problem
ve K: < F'(u),v—u>+{(T(u),v—u) >0, for any v € K, (34)
where
K={veWV,: v} (35)

with ¢ € V. It has been proved in [4] (see also [5]) that Assumption 1 holds,
even in more general settings, for the finite element spaces V; = V},, and Vj; = V,fJ,
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j=1,...,J,i=1,...,1;, and the above convex set K. The level convex sets are
taken of the form

Kj:{UEthZ@jgv},jZJ,...,l (36)
with o; € Vi, j=J,..., 1, and ¢ = ¢ + ...+ ¢1. Also, the constants Cy and C3
can be written as

J 2
Cy=CI? |> " Calhj—1,hs)?| and C5 =CI> (37)
j=2
where
1 ifd=1
(1n%+1)% if d =2
Ca(H,h) =4 " (38)

(5)° if 2 < d

d being the Euclidean dimension of the space where the domain {2 lies. The con-
stants C7 and Bk, j, k= J,...,1, can be taken as in (3) and (7), respectively.
The level decomposition w = wy + ... +w;, w € K, w; € K;, j =1,...,J,
asked by Assumption 1 and applied for w = u™ at the beginning of each iteration of
Algorithm 1 and its variants is made by using the nonlinear operators I, : V., —
Vi, 3 =1,...,J — 1, which are defined as follows. Let us denote by z;; a node of
Th,, by ¢;i the linear nodal basis function associated with z;; and 7j,;, and by wj;
the support of ¢;;. Given a v € Vj,,,, we write [;;v = minge,, v(z). Finally, we
define Ij,,v := ) (Ij;v)0;i(z). The level decomposition of a w € K is

given by

xj;node of Thj

wi=p1+ (W=, wi=gi+w-g) —(w-py j=2,..,J
where, for a v € V},,, we recursively define
UJ:vandvj:Ihjij,j:J—l,...,l (39)

As we see form the above estimations of the constants C; — C', the convergence
rates and the convergence conditions given in Theorem 2.1 depend on the functional
F', the operator T, the maximum number of the subdomains on each level, I, and
the number J of levels. The number of subdomains on levels can be associated with
the number of colors needed to mark the subdomains such that the subdomains
with the same color do not intersect with each other. Since this number of colors
depends in general on the dimension of the Euclidean space where the domain lies,
we can conclude that our convergence rate essentially depends on the number J of
levels.

As functions only of J, the constants in the previous section can be written as

J
C,=CJz, Cy=CSy(J), C3=C and k:nll’gf];@j —J (40)

where C' is a generic constant which does not depend on J, and

; 3 (J—1)7 ifd=1
Sa(J) = |Y_ Calhj_1,hs)*| =S CJ if d=2 (41)

J=2 c’ if2<d
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We can then conclude from Theorem 2.1 and Remark 1 that if the functional
F' the operator T" have the asked properties, then Algorithm 1 and its variants are
globally convergent if cj; is small enough in comparison with a;y.

Remark 2. 1) The results of this section have referred to problems in with Dirichlet
boundary conditions, and the functions corresponding to the coarse levels have been
extended with zero outside the domains Q;, j = J—1,...,1. Let us assume that the
problem has mixed boundary conditions: 02; = I'y UT',,, with Dirichlet conditions
on I'y and Neumann conditions on I',,. In this case, if anode of 7p,,, j = J—1,...,1,
lies in Int(I',), we have to assume that all the sides of the elements 7 € 7j, having
that node are included in T',,.

2) Similar convergence results with those ones presented in this section can be
obtained for problems in (H!)9.

4. Multigrid methods. In the above multilevel methods a mesh is the refine-
ment of that one on the previous level, but the domain decompositions are almost
independent from one level to another. We obtain similar multigrid methods by
decomposing the level domains by the supports of the nodal basis functions. Con-
sequently, the subspaces V,fj, i = 1,...,1;, are one-dimensional spaces generated
by the nodal basis functions associated with the nodes of 75, j = J,...,1. In
this case, Algorithm 1 and its variants are V-cycle multigrid iterations. Evidently,
similar results can be given for the W-cycle multigrid iterations. In [3], it has been
proved that, in the case of the multigrid methods, we can take

J

where C' > 1 is a generic constant independent of the number of meshes.

Now, we shall write the convergence rate of the multigrid Algorithm 1 and its
variants in function of the number J of levels, and of the constants aps, Gy and
cyr. To this end, we shall use the constants C, maxy—1,. s ijl Br; given in (42),
and Cy and C3 given and (40).

From condition (19), it follows that % < 1 and therefore, the constant C; in
2

(22) satisfies ¢ < C—2— (B +carC1(I1J)2]. On the other hand, from condition

~ = 1
(C2C3)2
(18) we get that By > cMC&(IJ)%, and consequently, C; < C%. From (23),
2C3)2
the constant C; also satisfies 7 < C%% Consequently, in view of (40), the
2

constant C’l can be taken of the form

C~Y1(J> = C@ Sal)
CM J%

(43)

Conditions (18) and (19) impose an upper bound of the number of levels .J
which we can consider in the algorithms, and, in the following, we shall derive such
a condition on J. Condition (19) holds if

(634 03 2 6’3 R 1 C’S C’S :
— —CBuCy | = 1+ = —CeyCo(Id)2 | =+ | = +1|1 >0
: ﬁm(@) (C) oot | & (C) >
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which, in its turn, is satisfied if

aiM*CﬂMCE % 7CCM02(IJ)% > 0.
2 Cs

NSt
But, because we can always consider aps < 4, from (23) and (18), we get (%) ° >
2

ey (I )%. Consequently, the above condition holds if

o Cs\°
- - > .
5 CBnmCo (C ) >0

2
1
Writing @ = 8L, this condition can be written as 1 — C@CQ% >0, or
2 AM " Oy (1) 2
1 —xcl(u)%(uc@cz) >0 (44)
Qpr
ie. 1—zCJ2 %CQ > 0. Replacing x and Cs in this inequality, we get
1 1 Ol2
J28y(J) < ——M 45
alJ) < CcemBu (45)

We notice that condition (18) is satisfied if (45) holds with an appropriate C'. Con-
sequently, conditions (18) and (22) are satisfied if (45) holds.

Corollary 1. We assume that F' is a Gateauz differentiable functional which satis-
fies (4), the operator T satisfies (8), and the coerciveness condition (9) holds. Also,
we assume that for any M > 0 condition (45) holds.
On these conditions, if u is the solution of problem (34), then there exists a
i—1
constant M > 0 such that ||ul|, ||u°]] quld [|u™ —&—Zi:jﬂ wpt! —|—w:+ g +w;’i+1|| <
M whereu"—!—z:i_- w”"’l—&—wT.L+ Yopwtttn>0,=1,....J,i=1,....1
) =7+1 k J Ji s - 9 r¢Y ) P
are the approximations of u obtained from multigrid Algorithm 1 or its variants,
and we have the following error estimation

N 1 n
n_ull?2 < C 1—~> 46
™ — ] < ( e (46)

where C1(J) is given in (43) and Cy is a constant independent of J.

We make now some remarks on the above results. First, we point out that
the above convergence results give global rate estimations. We also notice that
the maximum number of levels which we can consider depends on the data of the
problem and the algorithms are efficient when c¢j; is small enough in comparison
with aps. This seems to be a natural result because we did not impose any condition
on the coerciveness or the monotonicity of the operator F’ +T. It has been proved
in [4] (see also [5]) that if problem (34) does not contains the operator T then
multigrid methods introduced in this paper (evidently, the operator T is also missing
in the definition of the algorithms) converge for any number of levels and C4(J) =
CSy4(J)2. A direct application of the results in this paper is the convergence of the
proposed algorithms for the quasi-linear inequalities.
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